We investigate the influence of delayed optical feedback (DOF) on the dynamics of semiconductor lasers. In the case of the narrow single-stripe laser, we find that the presence of DOF leads to a wealth of dynamical phenomena in the coherence-collapsed regime, including mode-hopping between compound-cavity modes induced by DOF. Focusing on the twin-stripe laser -the most simple system with inherent spatio-temporal instabilities -we show that feedback may both induce and suppress spatio-temporal instabilities. Eigenmode analysis enables us to determine and identify the underlying spatio-temporal "supermodes". For appropriately chosen parameters, regular regimes including continuous wave operation can be obtained from an originally chaotic regime. For moderate to strong feedback, interaction between the spatial degrees of freedom in the twin-stripe laser and the compound cavity modes leads to a new phenomenon which we term "spatio-temporal mode-hopping".
Introduction
Recent years have witnessed a steady increase in both theoretical and experimental research on semiconductor lasers (SL) subject to delayed optical feedback (DOF). On the one hand, even very small amounts of feedback can be sufficient to drive the laser into the coherence-collapsed regime [Lenstra et al., 1985] , which manifests itself by linewidth enhancement by several orders of magnitude and laser chaos [Mørk et al., 1992; Sacher et al., 1992] . In applications, finding means to avoid the corresponding deterioration of the beam quality is of crucial importance. From the viewpoint of nonlinear dynamics, however, the wealth of bifurcation phenomena encountered in this regime has been of growing interest ever since the first theoretical investigation in [Lang & Kobayashi, 1980] , where the plane-wave Lang-Kobayashi model (LK model) was derived (for a review, see [Petermann, 1995] and the references therein). On the other hand, DOF may be deliberately applied to improve mode selection and to achieve considerable linewidth reduction [Olesen et al., 1986] . Moreover, controlling chaos in SL by means of DOF has been demonstrated in a recent theoretical investigation [Simmendinger & Hess, 1996] .
DOF is not the only mechanism which can destabilize laser operation. Irregular behavior may also be observed in SL devices with spatial degrees of freedom (without feedback). These are vital, indeed, when, in order to achieve high intensity output, the active laser cross-section is increased either by coupling several laser stripes transversely to a multistripe laser array or by employing one very wide stripe which is realized in broad-area lasers. There, a large number of transverse degrees of freedom exists which become excited as soon as the pump current exceeds a certain threshold. Then, spatio-temporal instabilities cause both a spatially and temporally irregular behavior which was shown to correspond to spatio-temporal chaos [Hess & Schöll, 1994a; Hess et al., 1995; Martín-Regalado et al., 1996] . Transverse effects of this kind have proven to be quite common in nonlinear optical systems with large aspect ratio. They have constituted a wide field of intense theoretical and experimental research (see e.g. the review articles by Lugiato [1994] and Abraham and Firth [1990] and references therein).
Both features, i.e. DOF and a spatially continuous extension introduce a priori infinitely many degrees of freedom and may cause high-dimensional chaos by themselves. In our contribution we study the influence of DOF on spatio-temporal dynamics of spatially extended SL devices, where we focus on the issue in how far DOF can increase spatiotemporal complexity and whether DOF can be applied to suppress spatio-temporal instabilities.
The paper is organized as follows. After presenting the model system in Sec. 2, we first discuss the single-stripe laser (SSL) in order to draw analogies to commonly used plane-wave models in Sec. 3. For the twin-stripe laser (TSL) we show in Sec. 4 that DOF may both induce and suppress spatio-temporal instabilities, the latter providing a means to obtain regular regimes from a state of spatio-temporal chaos. In Sec. 5, we introduce a new phenomenon which we term "spatio-temporal mode-hopping". There, the spatial degrees of freedom inherent in the TSL are found to lead to dynamical mode-hopping both in the temporal and spatial domain.
The Model System
Nonlinear dynamics of SL devices have been investigated mainly by plane-wave models which describe the temporal evolution of the complex optical field and the carrier density through coupled ordinary differential equations. While these models are appropriate for effectively spatially homogeneous systems, it is necessary to employ a spatially resolved modeling in the case of devices exhibiting spatio-temporal instabilities such as multistripe and broad-area lasers.
In order to study the effects of DOF on devices with spatial degrees of freedom, we extend the Lang-Kobayashi model to include optical diffraction and charge carrier diffusion. Thus, we arrive at a system of coupled partial differential equations for the optical field E(x, t) and the carrier density N (x, t), which we term "transverse LangKobayashi (TLK) model" [Merbach et al., 1995; Münkel et al., 1996] 
which have been solved numerically employing the Hopscotch method [Adachihara et al., 1993] with absorbing boundary conditions. In Eq.
(1), the first term describes transverse coupling through diffraction. In the second term, γ m is the resonator loss and η(x) represents index guiding within the laser stripes. The third term describes the gain and refractive index change, where Γ(x) is the confinement factor, N 0 the carrier density at transparency and α is the linewidth enhancement factor. DOF is taken into account in the last term and is characterized through the time delay τ in the external cavity, the dimensionless feedback level γ R = (1 − R 2 ) R 3 /R 2 and the feedback phase Φ, where R 3 is the power reflectivity of the external cavity. Since tiny changes in τ produce large changes in Φ = ω 0 τ (ω 0 : frequency of the solitary laser), we consider the latter as an independent bifurcation parameter. In this work, we will assume the value Φ = 0. In Eq. (2), the first term represents pumping through the pump current J(x), the second term introduces carrier diffusion, the third term describes damping through nonradiative recombination and the last term represents stimulated emission. The constants c, e 
carrier density at transparency
nonradiative recombination coefficient and ε 0 denote the vacuum speed of light, the elementary charge and the absolute permittivity, respectively. Important laser parameters are listed in Table 1 . The transversely varying parameters [pump current J(x), detuning η(x) and confinement factor Γ(x)] determine the stripe geometry of the laser. The potentially relevant longitudinal dependence of E and N has been approximated in Eq.
(1) by the mean field limit [Lugiato, 1984] under assumption of longitudinally single-mode operation. We do not include noise in our simulations because we want to focus on purely deterministic phenomena.
The Single-Stripe Semiconductor Laser with Delayed Optical Feedback
In the following, we present results of our spatially resolved model for the case of the narrow SSL in order to draw analogies to the plane-wave LK model. Without feedback, decaying relaxation oscillations (RO) leading to stable continuous wave (cw) operation are observed (Fig. 1) . The profiles for the intensity I(x, t) = (1 − R 2 )ε 0 c/n l |E(x, t)| 2 and the carrier density N (x, t) in the steady states are shown in Fig. 2 for several values of the pump current. The nonuniform optical mode burns a "hole" into the carrier density profile and this spatial hole-burning is found to increase with the pump current. When the feedback level γ R is increased from zero for not too small delay times, the damping of RO decreases, until, for values of γ R on the order of γ R ≈ 1 × 10 −3 , sustained RO arise, providing a stable source of periodic pulses. In Fig. 3 , spatiotemporal dynamics of the intensity and the carrier density are shown in this regime.
On further increase of γ R , period-doubling, quasiperiodicity or subharmonic bifurcations are observed, depending on the delay parameters and the pump current. Finally, the coherence-collapsed state is entered and the system evolves on a strange attractor. Spatio-temporal dynamics of the intensity and the carrier density in the chaotic regime are shown in Fig. 4 for the parameters J = 80 mA, γ R = 8 × 10 −3 and τ = 1.0 ns.
While for moderate feedback RO are dominant in the temporal spectra, the delay time τ becomes a fundamental period for strong feedback, where mode-hopping becomes important (cf. Sec. 5) .
In order to analyze spatio-temporal complexity in the SSL subject to DOF, we perform eigenmode analysis using Karhunen-Loève decomposition [Hess & Schöll, 1994b] . Plane-wave models may be an appropriate approximation for either spatially homogeneous systems or for a spatially single-mode case, where only one transverse mode is excited (e.g. the TEM 00 mode in lasers). In the latter case, the plane-wave variables have to be identified with the time-varying modal amplitudes. For all dynamical regimes, we obtained nearly the same eigenmodes (Fig. 5) . The relative importance of the nth eigenmode is measured by the "energy" λ n . The dominant eigenmode p 1 (x), together with its time-varying modal amplitude a 1 (t), contains virtually all spatio-temporal dynamics (λ (1) = 99.98%). It corresponds to the fundamental Gaussian mode supported by the laser stripe. The second eigenmode contributes only tiny corrections (λ (2) < 0.02%). Thus, the SSL operates in only one transverse mode so that, in this case, the plane-wave model appears to be a reasonable approximation.
Spatio-Temporal Dynamics in the Twin-Stripe Laser with Delayed Optical Feedback
The TSL is the simplest device with intrinsic spatiotemporal instabilities leading to the spontaneous appearance of spatio-temporal chaos. These instabilities originate from the interstripe coupling through the overlapping evanescent fields and carrier diffusion. Studies of its spatio-temporal dynamics using the mean-field equations Eqs. (1) and (2) and a longitudinally resolved model [Hess & Schöll, 1994a ], respectively, revealed a variety of bifurcation phenomena under variation of the injection current or the stripe separation, respectively, which determine the strength of interstripe coupling. Since DOF, on the one hand, may lead to chaos through the coherence collapse and, on the other hand, may be applied to stabilize laser operation, we will be concerned with the issue in how far DOF may increase spatio-temporal complexity and whether suppression of spatio-temporal instabilities can be achieved.
Initiation of spatio-temporal instabilities by delayed optical feedback
In order to characterize spatio-temporal complexity, we again perform eigenmode analysis of the intensity which we assume to properly represent spatiotemporal dynamics in this system. For both ordered and chaotic dynamics we find three significant eigenmodes (Fig. 6 ) which do not change substantially in the various dynamical regimes and which we regard as nonlinear "supermodes" of the system. We consider a regime of strongly coupled stripes, where (without feedback) the laser displays Spatio-Temporal Dynamics in Semiconductor Lasers 957 Fig. 9 . Spatio-temporal dynamics of the intensity for J = 80 mA, γR = 1 × 10 −3 , τ = 0.6 ns. The grayscales were reverted in order to emphasize the slow, periodic variation of the stripe coupling. symmetry-broken periodic oscillations alternating in the two stripes (Fig. 7) which are much faster than RO. In the following, we will use the term "strongly coupled oscillations (SCO)". The SCO are exactly represented by the periodic oscillations of the dominant antisymmetric eigenmode shown in Fig. 8 . The following eigenmodes do not contribute significantly to the spatio-temporal dynamics, and their time series follow that of the dominant mode or its superharmonics, respectively.
Upon applying a moderate amount of feedback, a modulational instability is observed corresponding to a periodic variation of the interstripe coupling on a slow time-scale (Fig. 9) . Figure 10 shows that now independent time-scales are associated with the various eigenmodes. The coincidence of the frequency in the time series of the second, symmetric eigenmode with the frequency of RO shows that this eigenmode represents RO excited synchronously in the two stripes. The slow modulation of the stripe coupling is reflected in the time series of the third eigenmode which, according to its shape, governs the dynamics in the interstripe region.
For increasing feedback, slow, spiking oscillations appear within intermittent time intervals in both stripes, being superimposed by the faster SCO (Fig. 11) .
Eigenmode analysis yields that also in this case the eigenmodes evolve on three independent timescales (Fig. 12 ) which correspond to those observed in Fig. 10 . These results suggest that spatiotemporal dynamics of the TSL are governed by three spatio-temporal "supermodes". The first supermode represents the spatially antisymmetric fast SCO. The second supermode describes maintained RO which oscillate synchronously in both stripes and, in particular, are associated with the large spikes observed in Fig. 11 . The third supermode represents slow variations of the stripe coupling, which are periodic in the regime shown in Fig. 10 and irregular in the chaotic regime (Fig. 12) .
Suppression of spatio-temporal instabilities by DOF
The results so far have shown that DOF may increase spatio-temporal complexity. But also both spatially and temporally ordered regimes can be obtained by applying DOF. To demonstrate this (1) (t) (solid curve) and I (2) (t) (dashed curve) in the centers of laserstripe 1 and laser-stripe 2, respectively. effect, we start with a regime where the TSL shows chaotic behavior in absence of DOF (Fig. 13) ; this state is typical for a TSL being moderately coupled at an increased interelement separation (here s = 6.0 µm) [Hess & Schöll, 1994a] .
Applying feedback with rather small time delays, we managed to drive the TSL into a synchronized periodic regime (Fig. 14) . In analogy to the periodic oscillations of the SSL subject to DOF presented in the preceding section, this regime corresponds to maintained synchronized RO of the TSL.
Under variation of τ and γ R we also observed synchronized period-doubled and chaotic oscillations. Even cw-operation could be achieved.
Spatio-Temporal Mode-Hopping
To date, mode-hopping between compound cavity modes (CCM) has been studied as a purely temporal phenomenon using plane-wave models. The CCM are formed by the interaction of the modes of the empty external cavity with the active laser system. They arise through saddle-node bifurcations along with the unstable "antimodes" which correspond to destructive interference. The CCM can be identified by the round-trip phase difference ∆(x, t) = φ(x, t) − φ(x, t − τ ), where φ denotes the phase of the optical field . In the following, we will suppress the spatial variable x when we consider the temporal variation in the stripe center only.
CCM and antimodes are aligned on the sides with lower N and higher N , respectively, of a tilted ellipse in the plane spanned by ∆(t) and N(t) [Henry & Kazarinov, 1986] . With the appearance of the CCM, modes with lower threshold gain (i.e. with lower N ) become available to the laser and compete with the solitary laser mode. In Fig. 15 an example for moderate feedback is shown. The CCM emerge around integer values of ∆(t) and are visited anticlockwise in an effort to reach the mode with the smallest N , i.e. the maximum gain mode. However, a crisis with an antimode throws the trajectory back to the modes with high phase stability [Sano, 1994] along the upper half of the ellipsoidal structure where the antimodes are located, and the whole process is repeated again. These nearly periodic cycles, which occur on a slow time-scale, were called low-frequency fluctuations (LFF). Since the laser, in its effort to reach the mode with minimum threshold gain, is always rejected back to the start, this phenomenon has been termed "Sisyphus effect" [van Tartwijk et al., 1995] . Recent comparisons of experimental and numerical findings are available in [Fischer et al., 1996; Hohl et al., 1995] .
The close analogy of the results of our spatially resolved model to those of the plane-wave model of Lang and Kobayashi is due to the fact that, according to the results in Sec. 3, the narrow SSL only supports the fundamental Gaussian transverse mode. According to this transverse single-mode condition, we found that in the SSL ∆ varies only temporally, showing only small curvatures in the transverse direction. Note that in our case the ellipsoidal structure in Fig. 15 is tilted the other way than in previous works based on the plane-wave assumption. This is due to the fact that in transversely extended systems care has to be taken to the sign of the linewidth enhancement factor α. In order to correctly represent the physical phenomena of gain-antiguiding and self-focusing akin to a spatially resolved description, the α-factor has to be inserted with the opposite sign than in the planewave LK model.
In the following, we will investigate spatiotemporal effects which arise when spatial degrees of freedom become dynamically relevant in a laser device. We will again focus on the TSL, where the transverse coupling between the laser stripes must be expected to significantly influence mode-hopping phenomena in the individual stripes.
Choosing the set of parameters J = 80 mA, γ R = 1 × 10 −1 , τ = 1.0 ns and Φ = 0, we study mode-hopping for several degrees of transverse coupling, which is varied by the stripe separation s.
In Fig. 16 , the spatio-temporal dynamics of the round-trip phase difference is shown for s = 5.5 µm. The CCM emerge as an intricate system of horizontal bars which is separated by a boundary located between the stripes. Figure 17 shows transverse profiles of ∆(x, t) at several times. The fact that both stripes may oscillate in different CCM at a given time leads to 2π-steps in these profiles. Quite interestingly, it turns out that generation of steps by 2π can be also due to the structure of the underlying optical modes, which will be a subject of further investigation. Time series of ∆ in the center of the laser stripes representative of the strong and weak coupling case are shown in Fig. 18 . In analogy to LFF, both stripes try to reach the optimum gain mode located at ∆ = 19 rad. We made sure that the drop-out events in ∆ are indeed directly correlated with peaks in the carrier density. The fact that mode hopping differs in the two stripes leads to the new phenomenon of "spatio-temporal mode hopping". . Plotting ∆2(t) versus ∆1(t) reveals a wire-meshlike structure in the mode-hopping regime due to the discrete compound cavity modes (s = 5.5 µm). Fig. 20 . Histogram of the probability p(m) for the mode index m for s = 5.5 µm (circles) and s = 10 µm (triangles). Open and filled symbols correspond to laser-stripe 1 and 2, respectively. The solid lines were provided as guidelines for the reader.
Since CCM are located near integer values of ∆/2π, it is convenient to introduce an integer mode index m = [∆/2π]. The mutual dynamics of modehopping in the two interacting stripes may be visualized as in Fig. 19 where ∆ 2 (t) in the center of laser-stripe 2 is plotted versus ∆ 1 (t) in the center of laser-stripe 1. The CCM pertaining to the two stripes emerge as nodes at integer values of m 1 and m 2 . The pattern of straight lines is formed by nonsimultaneous mode transitions while the irregularlooking curves arise through simultaneous mode transitions. The mode indices concentrate around the minimum threshold gain modes located in the upper right corner. The sharp drop-outs of ∆ form the thick horizontal and vertical lines emerging from this region.
Distributions of the mode indices for the individual stripes, m 1 and m 2 are given in Fig. 20 , again for the strongly (s = 5.5 µm) and the weakly (s = 10.0 µm) coupled case, respectively. There, pronounced peaks emerge around the maximum gain mode. The sharp decay to the right shows that the laser rarely penetrates to the adjacent higher modes. The slowly decaying tail to the left reflects the gradual climbing-up after the sharp drop-outs in m.
Thus, for increasing stripe separation, the laser manages to stay longer on average in the maximum gain mode m = 19 (cf. Fig. 18 , s = 10 µm). Correspondingly, a sharper peak emerges in the distribution in Fig. 20 for that case. If s is increased to values where the individual stripes are virtually uncoupled, both stripes eventually come to rest in the optimum mode m = 19. Thus, by virtue of transverse coupling, the dynamics of one stripe acts on the other stripe as a perturbation which ultimately prevents the laser stripes from residing in the optimum gain mode permanently. Within the modehopping range (approximately from s = 5.0 µm to s = 15 µm) the mode-hopping rate is found to decrease monotonically with increasing s until it vanishes completely.
Conclusion
We have investigated the influence of delayed optical feedback on the spatio-temporal dynamics of semiconductor lasers on the basis of spatially continuous modeling. In the case of the single-stripe laser, we established analogies to results of the plane-wave Lang-Kobayashi model. In particular, we found sustained relaxation oscillations, a coherence-collapsed regime with chaotic dynamics and low-frequency fluctuations in the mode-hopping regime. The involved spatio-temporal degrees of freedom were analyzed using eigenmode analysis. In the twin-stripe laser, where diffractive and diffusive interelement coupling is very important, delayed optical feedback can lead to spatio-temporal chaos.
By means of eigenmode analysis, we identified three spatio-temporal "supermodes" underlying the spatio-temporal dynamics. For appropriately chosen parameters, delayed optical feedback can also induce coherent regimes and even cw-operation, which should be interesting for applications. The phenomenon of spatio-temporal modehopping has been established and investigated in the case of the twin-stripe laser. There, the interaction of compound cavity modes and spatial degrees of freedom lead to a spatio-temporal variation of the round-trip phase difference, where the laser switches between compound cavity modes both in the temporal and in the spatial domain.
